Abstract. In this paper, we explicitly construct the Calabi composition of multiple affine hyperspheres possibly including some points viewing as 0-dimensional hypersheres. Then we compute all the basic affine invariants of the composed affine hyperspheres, proving that the composed affine hypersphere is symmetric one if and only if each of its composing factors of positive dimension is symmetric.
Introduction
As we know, affine hyperspheres are the most important objects in affine differential geometry of nondegenerate hypersursurfaces, drawing great attention of many geometers. In fact, affine hyperspheres seems simple in definition but they do form a very large class of hypersurfaces, the study of which is fruitful in recent twenty years. See for example, the proof of the Calabi's conjecture ( [13] , [14] ), the classification of hyperspheres of constant affine curvatures ( [19] , [20] , [12] ), and in [11] the complete classification of locally strongly convex hypersurfaces with parallel Fubini-Pick forms which form a special class of hyperbolic affine hyperspheres (for some special cases, see [4] , [10] ).
In 1972, E. Calabi [2] found a composition formula by which one can construct new hyperbolic affine hyperspheres from any two given ones. The present author has generalized Calabi construction to the case of multiple factors (See [17] , published in Chinese). Later in 1994 F. Dillen and L. Vrancken [3] generalized Calabi original composition to any two proper affine hyperspheres and gave a detailed study of these composed affine hyperspheres. They also mentioned that their construction applies to the case of multiple factors but with no details of it. In 2008, in order to establish their later classification mentioned above, Z.J. Hu, H.Z. Li and L. Vrancken proved one characterization of the Calabi composition of hyperbolic hyperspheres ( [6] ) in terms of special decompositions of the tangent bundle. We would like to remark that, F. Dillen, H.Z. Li and X.F. Wang has defined and studied the Calabi type composition of parallel Lagrangian submanifolds in the complex projective space CP n ( [16] ).
In this paper, we explicitly define, in a unified manner, the Calabi composition of multiple factors of hyperbolic hyperspheres, possibly including some point factors viewing as "0-dimensional hyperbolic hyperspheres". After introducing the formula of definition, we make it in detail for the computation of the basic affine invariants of this composition which turn out useful in some later application. For example, as the first application of those computation we prove that the composed affine hypersphere is symmetric if and only if each of its composing factors of positive dimension is symmetric (see Theorem 4.2).
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The equiaffine geometry of hypersurfaces
In this section, we briefly present some basic facts in the equiaffine geometry of hypersurfaces. For details the readers are referred to the text books, say, [15] and [18] .
Let x : M n → R n+1 be nondegenerate hypersurface. Then there are several basic equiaffine invariants of x among which are: the affine metric (Berwald-Blaschke metric) g, the affine normal ξ := 1 n ∆ g x, the Fubini-Pick 3-form (the so called cubic form) A ∈ 3 T * M n and the affine second fundamental 2-form B ∈ 2 T * M n (See for example [15] and [18] ). By using the index lifting by the metric g, we can identify 
Then L 1 is referred to as the affine mean curvature of x. A hypersurface x is called an (elliptic, parabolic, or hyperbolic) affine hypersphere, if all of its affine principal curvatures are equal to one (positive, 0, or negative) constant. In this case we have
It follows that the affine Gauss equation (2.2) of an affine hypersphere assumes the following form:
Furthermore, all the affine lines of an elliptic affine hypersphere or a hyperbolic affine hypersphere x : M n → R n+1 pass through a fix point o which is refer to as the affine center of x; Both the elliptic affine hyperspheres and the hyperbolic affine hyperspheres are called proper affine hyperspheres, while the parabolic affine hyperspheres are called improper affine hyperspheres.
is a proper affine hypersphere with affine mean curvature L 1 and with the origin o as its affine center if and only if the affine line is parallel to the position vector x. In this case, the affine normal ξ is given by ξ = −L 1 x.
For each vector field η transversal to the tangent space of x, we have the following direct decomposition
This decomposition and the canonical differentiationD 0 on R n+1 define a bilinear form h ∈ 2 T * M n and a connection D η on T M as follows:
(2.7) can be referred as to the affine Gauss formula of the hypersurface x. In particular, in case that η is parallel to the affine normal ξ, the induced connection ∇ := D η is independent of the choice of η and is referred to as the affine connection of x.
In what follows we make the following convention for the range of indices:
Let {e i , e n+1 } be a local unimodular frame field along x with η := e n+1 parallel to the affine normal ξ, and {ω i , ω n+1 } be its dual coframe. Then we have connection forms ω
Furthermore, the above invariants can be respectively expressed locally as 8) subject to the following basic formulas:
where A ijk,l are the covariant derivatives of A ijk with respect to Levi-Civita connection of g.
Then the Fubini-Pick form A can be determined by the following formula:
To end this section, we would like to introduce the following concept:
Definition 2.1. A nondegenerate hypersurface x : M n → R n+1 is called affine symmetric (resp. locally affine symmetric) if
(1) the pseudo-Riemannian manifold (M n , g) is symmetric (resp. locally symmetric) and therefore (M n , g) can be written (resp. locally written) as G/K for some connected Lie group G of isometries with K one of its closed subgroups;
(2) the Fubini-Pick form A is invariant under the action of G.
Calabi composition of multiple hyperbolic affine hyperspheres
In this section, we aim to derive an explicit formula to define the Calabi composition of multiple factors of hyperbolic hyperspheres, possibly including 0-dimensional factors, and then make some detailed and necessary computations for the basic affine invariants of this composition. This treatment seems not to have appeared in the literature other than [17] where, for the first time, the author introduced the concept of multiple factor composition of the Calabi's type.
3.1. The Calabi composition of two hyperbolic affine hyperspheres.
For completeness we start with the simplest case, that is, the Calabi Composition of two factors which has appeared in many literatures. Let x a : M na → R na+1 be two hyperbolic affine hyperspheres with affine mean curvatures L 1 , a = 1, 2, and with the origin their common affine center. [15] , [17] , [3] ) For any positive numbers c 1 ,
Then x is again a hyperbolic affine hypersphere with affine mean curvature L 1 = − 1 (n+1)C , called the Calabi composition of x 1 and x 2 , where the constant C is given by
.
Furthermore, ifx a are equiaffine equivalent to x a , a = 1, 2, respectively, then the Calabi composition x ofx 1 andx 2 with the same constants c 1 , c 2 is equiaffine equivalent to x. Definition 3.1. The Calabi composition x of x 1 and x 2 with c 1 = c 1 = 1 can be referred to as the Calabi product of x 1 and x 2 , and is denoted by x = x 1 * x 2 .
Then we have Proposition 3.2. (Almost Commutative Law) Let x 1 , x 2 be two hyperbolic affine hyperspheres of dimensions n 1 , n 2 respectively. Then the Calabi products x 2 * x 1 and x 1 * x 2 are "almost the same", that is, they differ only by a linear transformation on R n1+n2+2 of determinant (−1) (n1+1)(n2+1) . In other words, x 2 * x 1 and x 1 * x 2 are either equiaffine equivalent to each other, or differ by a linear transformation on R n1+n2+2 of determinant −1.
Proof. In fact, denoting the identity matrix of order m by I m , we have
By making the coordinate change by t 1 = −t, we find that
Then the proposition follows since det 0
Proposition 3.3. (Associative Law) For any three hyperbolic affine hyperspheres x 1 , x 2 , x 3 , (x 1 * x 2 ) * x 3 and x 1 * (x 2 * x 3 ) are equiaffine equivalent and thus we have
Proof. By definition
Now, we make the following change of coordinates:
Then we have
Thus (
3.2. The Calabi composition of more factors-the definition and the affine metric.
We are to generalize formula (3.1), and to this end we need some necessary notations. Firstly, given an integer K ≥ 2 and K nonnegative integers n 1 , · · · , n K , we define n = K − 1 + n 1 + · · · + n K and make the following conventions for the ranges of different kinds of indices:
Secondly, for each a = 1, 2, · · · , K and (t 1 , · · · , t K−1 ) ∈ R K−1 , we define f a := n 1 + · · · + n a + a and
In particular,
Then our first generalization is as follows: 
where
Moreover, for given positive numbers c 1 , · · · , c K , there exits some c > 0 and c ′ > 0 such that the following three hyperbolic affine hyperspheres
are equiaffine equivalent to each other.
Definition 3.2. The hyperbolic affine hypersphere x in the above proposition is called the Calabi composition of the given hyperbolic affine hyperspheres x a , a = 1, · · · , K.
Proof of Theorem 3.1
Then the affine metric
∂u i ∂u j ), then a long but direct computation, using Proposition 2.1 and the definition of the affine normals ξ a (1 ≤ a ≤ K), concludes that
where ε = (−1) (K+1)n1+Kn2+···+3nK−1 . By suitably choosing the orientation of R K−1 , if necessary, we can reasonably take ε = 1. It then follows that
Note that f K = n + 1. It follows that
. (3.10) Therefore the affine metric g = ij g ij of the hypersurface x is given by
11) 12) g λīa =0, (3.13) in which the constant C is defined by (3.4) . It follows that
where the last equality uses (3.9).
On the other hand, from (3.11), (3.12) and (3.13) we find that
Note that
Moreover, for each a
where we have used the fact that (see Proposition 2.1)
Now we can use (3.17) and (3.18) to compute the Laplacian of x with the metric g as follows:
Thus we find the affine normal
which, via Propostion 2.1, proves that x is a hyperbolic affine hypersphere with affine mean curvature
Finally, for any set of c 1 ,
. Then it is easily seen that x,x andx are equiaffine equivalent each other. ⊔ ⊓
The induced affine connection.
Later in this section, we shall compute the Fubini-Pick form of x. To this end, we first need to find the induced affine connection or, equivalently, the corresponding connection forms ω j i = Γ j ik ω k , where {ω i , ω n+1 } is the dual coframe of the unimodular frame { ∂x ∂u i , e n+1 }. Since x a and x are hyperbolic affine hyperspheres, we have
(3.24)
Proof. Directly we compute
On the other hand, by using (3.15) it is easy to find that, for each
It then follows from (3.23), (3.25) and (3.26) that
g iaja x a + c a e a ka Moreover, (3.27) also implies the following linear system for Γ
It is not hard to show that the linear system (3.28) is equivalent to Proof. Case (1) For λ < µ, Consider
Similar to the case in the proof of Lemma 3.1, we can find that Γī a λµ = 0 and, for λ < µ,
(3.34)
It follows that Γ ν λµ , ν = 1, · · · , K − 1, satisfy a linear system same as (3.28) with the right hand side being replaced by 1
This new system is equivalent to the system (3.29) with the right hand side being replaced by
Thus we easily find the expression of each Γ ν λµ as in (3.30). Case (2) For µ = λ, Consider
which shows in the same way that Γī a λλ = 0 and satisfy the system same as in (3.28) with the right hand side being replaced by
which is equivalent to the system (3.29) with the right hand side being replaced by
Then it is easy to get Γ Proof. To prove (3.36), it suffices to consider
which is equivalent to that Γj b λīa = 0 and 
3.4. The Fubini-Pick form. Now we want to compute the Fubini-Pick form. To do this, the first step is to find the components h ijk which are defined by (2.13), namely
Similarly, we define
Lemma 3.4. The possibly non-zero components among h ijk are as follows:
50)
52)
(3.54)
Proof. Firstly we compute h λµk . For this we use (3.48), (3.49) and Corollary 3.1 to find
But by (3.40) and (3.10)
This with (3.55) gives
It follows that h λλīa = 0 and
59)
Case 2. λ < µ. In this case we have by (3.57) and Corollary 3.1
Thus h λµīa = 0 for λ < µ and
62)
Case 3. λ > µ. In this case we have
Thus we have h λµīa = 0 for λ > µ and
Secondly we compute h λīak . This time we use the formula
Consequently h λīak = 0, implying that hī a λk = 0 by the symmetry.
Now we are left hī ajb k to compute. Note by (3.7) that
Case 1: b = a. We have
It follows that
Proof. We shall use formula (2.14) to find the Fubini-Pick form of x. Note that f K + 1 = n + 2. Thus, by (3.10) and the definition of the constant C in (3.4), it holds that
Then the present proposition follows readily from Lemma 3.4.
⊔ ⊓
The Levi-Civita connection ω
Similarly defined, for each a, is the Levi-Civita connection 
Extending to the zero dimensional factors-a more general formula
Now we extend the Calabi composition discussed above to some more general setting.
For each point in R different from the origin or, equivalently, for each nonzero number c, we can view it as a zero-dimensional "hyperbolic affine hypersphere" immersed in R with the affine mean curvature being −1. In this sense, we may allow some or all of the factors x a of the Calabi composition to be replaced by some given points or some given positive numbers. In fact, a step-by-step examination shows that all the argument and the computations in the previous subsections apply in this general situation. Without loss of generality, we can normalize these given 0-dimensional factors to be 1. Thus all the conclusions we have obtained previously remain true if we allow some or all of n a 's to be zero. For example, Theorem 3.1 can be refreshed as follows: 
Moreover, for given positive numbers c 1 , · · · , c K , there exits some c > 0 and c ′ > 0 such that the following three hyperbolic affine hyperspheres x := (c 1 e 1 , · · · , c r e r , c r+1 e r+1 x 1 , · · · , c K e s x s ),
x := c(e 1 , · · · , e r , e r+1 x 1 , · · · , e s x s ), x := (e 1 , · · · , e r , e r+1 x 1 , · · · , ce s x s ) are equiaffine equivalent to each other. Definition 4.1. The hyperbolic affine hypersphere x is called the Calabi composition of r points and s hyperbolic affine hyperspheres.
Remark 4.1. Two special cases of the above proposition when r = 0, s = 2 and r = s = 1, respectively, are discussed in [3] and [6] . Now let x : M n → R n+1 be a Calabi composition of r points and s (K = r + s ≥ 2) hyperbolic affine hyperspheres x α : M nα → R nα+1 , 1 ≤ α ≤ s, and g the affine metric of x. For convenience we make the following convention:
β≤α n β +α, r + 1 ≤ a =α ≤ r + s. Let C be the constant given by (4.1). Then from (3.11), (3.12), (3.13) and Proposition 3.4 follows easily the following Proposition 4.1. The affine metric g, the affine mean curvature L 1 and the possibly nonzero components of the Fubini-Pick form A of the Calabi composition x of r points and s hyperbolic affine hyperspheres x α : M α → R nα+1 , α = 1, · · · , s, are given as follows:
Cδ rµ , λ = r; β≤α+1 n β +α + 1 (n α + 1)( β≤α n β +α)
Cδ λµ , r + 1 ≤ λ =α ≤ r + s − 1.
(4.5)
(4.6) A are the affine mean curvature, the affine metric and the Fubini-Pick form of x α , α = 1, · · · , s.
By restrictions, g defines a flat metric g 0 on R K−1 with matrix (g λµ ) and, for each α, a metric g α on M α with matrix g α iαjα = gīαjα and inverse matrix g iαjα α , which is conformal to the original metric (α) g , or more precisely,
(4.10)
Example 4.1. Given a positive number C 0 , let x 0 : R n0 → R n0+1 be the well known flat hyperbolic affine hypersphere of dimension n 0 which is defined by
Then it is not hard to see that x 0 is the Calabi composition of n 0 + 1 points. In fact, we can write for example x 0 = (e 1 , · · · , e n0 , C 0 e n0+1 ).
Then by Corollary 4.1 the affine metric g 0 , the affine mean curvature A of x 0 are respectively given by (cf. (4.14)
Remark 4.2. Since, by Propositions 3.2, 3.3, Calabi composition of hyperbolic affine hyperspheres is essentially independent of the order of its factors, we conclude that the Calabi composition of r(≥ 2) points and s hyperbolic affine hyperspheres is in fact the composition of the flat hyperbolic affine hypersphere x 0 in Example 4.1 of dimension n 0 := r − 1 with other s hyperbolic affine hyperspheres.
As an application of Proposition 4.1, we prove the following result: A of x α .
In fact, (1), (2) are trivial, and (3) holds since q = K − 1 = r + s − 1; (4) follows directly from Proposition 4.1; (5), (6) and (7) can be verified via a direct computation, where the equality (4.1) and the fact that f K = n + 1 are needed.
Remark 4.3. Another application of Proposition 4.1 is to give a new characterization of the Calabi compostion. We believe that a locally strongly convex affine hypersurface x : M n → R n+1 is locally the Calabi composition of some points and hyperbolic affine hyperspheres if and only if the above conditions (1), (4) and (5) hold. This new characterization will appear in a forthcoming paper.
